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Abstract
The complexity of a well-quasi-order (wqo) can be measured through three ordinal invariants: the width
as a measure of antichains, height as a measure of chains, and maximal order type as a measure of bad
sequences.
We study these ordinal invariants for the finitary powerset, i.e., the collection Pf(A) of finite subsets of
a wqo A ordered with the Hoare embedding relation. We show that the invariants of Pf(A) cannot be
expressed as a function of the invariants of A, and provide tight upper and lower bounds for them.
We then focus on a family of well-behaved wqos, for which these invariants can be computed composi-
tionally, using a newly defined ordinal invariant called the approximate maximal order type. This family
is built from multiplicatively indecomposable ordinals, using classical operations such as disjoint unions,
products, finite words, finite multisets, and the finitary powerset construction.

Keywords: Well-quasi-orders; ordinal measures; powersets; descriptive complexity.

1. Introduction13

Well-quasi-orders (wqos) are an extensively used and studied tool in mathematics, logic and com-
14

puter science (see, e.g., the recent book by ?), with a wide range of applications, notably in graph15

theory (Robertson and Seymour, 2004) and in our own specific field of interest, the automatic veri-16

fication of computer programs and systems (Dershowitz and Manna, 1979; Abdulla et al., 2000;17

Finkel and Schnoebelen, 2001; Blass and Gurevich, 2008; ?).18

For a finite partial order (which is always a wqo), several natural invariants exist: its size,
19

its “height”, and its “width”, as illustrated in Figure 1. Analogues of these measures also exist20

for general (i.e. infinite) well-quasi-orders. The maximal order type (or m.o.t.) was originally21

defined by de Jongh and Parikh (1977) as the order type of the maximal linearisation of a wqo.22

Schmidt (1981) then introduced the ordinal height as the order type of a maximal chain of a wqo.23

Later Křı́ž and Thomas (1990) crafted the notion of ordinal width, standardized the definitions of24

these three ordinal invariants, and proved numerical relationships between them (see, for instance,25

Theorem 2.12 and its corollary).26

For well-structured transition systems, i.e., computational systems that rely on an underlying27

wqo (Abdulla et al., 2000; Finkel and Schnoebelen, 2001; Bonnet et al., 2013), one can assign28

complexity upper bounds related to maximal order types of wqos through the technology of length29

functions theorems and controlled bad sequences (e.g., Figueira et al., 2011; Abriola et al., 2015;30
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Figure 1: A partial order of size 6, height 4 and width 3, described by its Hasse diagram.

Balasubramanian, 2020). Schmitz (2019) refined this technique by using controlled antichains31

to prove complexity upper bounds related to widths of wqos instead of maximal order types. In32

all these examples, the computational complexity bounds are derived from bounds on the ordinal33

invariants of the underlying wqos.34

When, as is often the case in programming, a wqo is obtained by combining simpler wqos,35

computing its ordinal invariants can often be done compositionally since usually these invariants36

are expressible as a function of the invariants of the components. De Jongh and Parikh initiated this37

line of thinking by computing the m.o.t. of disjoint sums and Cartesian products of wqos (de Jongh38

and Parikh, 1977), followed by Schmidt with the m.o.t. of word embedding and homeomorphic39

tree embedding on a wqo (Schmidt, 2020) and Van der Meeren et al. with the m.o.t. of the finite40

multiset construction (Van der Meeren et al., 2015; Weiermann, 2009). Considering the other41

invariants, Abraham and Bonnet measured the height of Cartesian products, and also the width of42

disjoint sums and lexicographic products (Abraham and Bonnet, 1999). We refer to (Džamonja43

et al., 2020) for a recent survey of these questions.44

However, there are useful operations on wqos for which computing the ordinal invariants re-45

mains a challenge. For instance, the width of the Cartesian product A × B of two wqos is not a46

function of the ordinal invariants of A and B, as shown by Vialard who tackled that issue by exhib-47

iting a family of elementary wqos, for which the width of Cartesian products is compositionally48

computable (Vialard, 2024b). Similarly, the width of the multiset ordering with elements from A49

cannot be expressed as a function of A’s width, height and m.o.t., and Vialard (2023) proved it is50

equal to ωo⊥(A), introducing a new ordinal invariant, o⊥(A), the friendly order type of A.51

This article focuses on another difficult case, namely the finitary powerset construction, i.e.,52

the set Pf(A) of all finite subsets of some wqo A, ordered by embedding (unlike the full powerset,53

this is a wqo whenever A is a wqo).54

Contributions. Our contributions are threefold. First, we establish lower and upper bounds on the55

invariants of Pf(A) with respect to those of A, as summarized in Table 1. Second, we prove that56

these bounds are tight by constructing two families of wqos, P and H reaching those bounds.57

Finally, noticing that the examples witnessing the tightness of the bounds satisfy the peculiar58

property that o(A) = w(A), and because our bounds prove that o(Pf(A)) = w(Pf(A)) in such cases,59

we investigate a specific family of wqos built inductively as described in Definition 5.1 that we60

call elementary wqos. While the ordinal invariants of Pf(A) remain non-functional with respect61

to those of A for elementary wqos, we showed that by introducing weakened versions of the62

usual ordinal invariants (see Definition 5.8), one could recover compositional computability of63

weakened and non-weakened invariants over elementary wqos, as shown in Section 5. Namely, we64

provide in Tables 5 and 6 (respectively in page 23 and page 27) recursive equations to compute65

the ordinal invariants of elementary wqos.66
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Table 1. : Tight upper and lower bounds for the ordinal invariants of Pf(A).

Invariant Lower Bound Upper Bound

o(Pf(A)) 1 + o(A) 2o(A) Theorems 3.3 and 4.3

h(Pf(A)) 1 + h(A) 2h(A) Theorem 3.6

w(Pf(A)) 2w(A) none Theorems 3.11 and 4.3

Outline of the article. Section 2 recalls the definitions that will be used in this article. Section 367

establishes upper and lower bounds for the ordinal invariants on Pf(A). Section 4 provides families68

of wqos attaining those bounds. Finally, Section 5 shows that restricting ourselves to elementary69

wqos, we can compute the ordinal invariants and their weakened version compositionally.70

Genesis of this article. This article grew from unpublished notes (2013) by Abriola, Schmitz and71

Schnoebelen who investigated the m.o.t. of Pf(A), established the upper and lower bounds we give72

in Section 3.1, and proved their tightness. The observation that o(Pf(A)) is not a function of o(A)73

spurred research in the width invariant, with the hope that o(Pf(A)) could be better characterised74

when both o(A) and w(A) are known but this idea proved inconclusive. Then, in 2020, Halfon and75

Lopez revived this line of work and gave bounds for the height and width of Pf(A), together with76

proofs of tightness. In 2022, Vialard joined the group and showed how one can determine exactly77

the values of all three invariants for the rather large family of wqos given in Section 5. It was then78

decided by all six contributors that this material will profit from being collected in a single text.79

2. Basics80

We assume that the reader is familiar with basic notions on ordinals and quasi-orders. We recall81

here the definitions and notations that will be used throughout the article.82

Well-quasi-orderings. A sequence (xi)i∈N is good in a quasi-order (A,≤) when there exists an
83

increasing pair xi ≤ x j with i < j. Otherwise it is bad. When the ordering can be inferred from the84

context, we may write just A instead of (A,≤) for a quasi-order. A well-quasi-order (or wqo) is a85

quasi-order in which there are no infinite bad sequences. A wqo can alternatively be defined as a86

quasi-order which is well-founded (it has no infinite decreasing sequences) and satisfies the finite87

antichain condition (it has no infinite antichains: sets of pairwise incomparable elements).a88

If a wqo (A,≤) is such that ≤ is anti-symmetric, then it is a well-partial-order (wpo). Any wqo
89

can be turned into a wpo by quotienting by the equivalence relation ≤∩≥, also denoted with ≡.90

We say that two wqos are wpo-isomorphic (denoted with ∼=wpo) when the wpos obtained through91

quotienting are isomorphic (denoted with ∼=). We prefer working with wqos because constructions92

like taking subsets or multisets yield wqos even when applied to wpos.93

When α is an ordinal, we may use α to denote the associated well-order (α,∈), which is a
94

wqo. For k ∈N we let Γk denote a wqo of k incomparable elements, i.e., a size-k antichain.95

Classical operations on wqos. We will now recall the definitions of the operations on wqos that are96

used in this article; for a more thorough survey on these constructions and their ordinal invariants,97

we redirect the reader to the work of Džamonja et al. (2020). For the rest of this section, we will98

assume that (A,≤A) and (B,≤B) are two wqos.99

aWe use a⊥b to denote that a and b are incomparable, i.e., that a ̸≤ b ∧ b ̸≤ a.
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Figure 2: Cartesian product (left) and lexicographic product (right) of the wqos A3 and Γ2 from
Example 2.2. The representation is a Hasse diagram where edges are oriented upwards.

The disjoint sum (A ⊔ B,≤⊔) and the lexicographic sum (A + B,≤+) both have for support the
100

disjoint union of A and B. The ordering of A ⊔ B is defined as ≤A ∪≤B, whereas the ordering of101

A + B is ≤A ∪≤B ∪ { (a, b) | a ∈ A, b ∈ B }.102

Example 2.1. Consider the wqos Γ2 and Γ3 made of 2 and 3 incomparable elements, respectively.103

Their disjoint sum Γ2 ⊔ Γ3 is a wqo made of 5 incomparable elements, i.e., Γ5. Their lexicographic104

sum Γ2 + Γ3 is a wqo made of 2 levels: the bottom level contains 2 incomparable elements, and105

the top level contains 3 incomparable elements, each greater than elements of the bottom level.106

It is easy to see that the disjoint sum
⊔

1≤i≤n Ai of finitely many wqos is a wqo, and it is imme-107

diate that an infinite disjoint sum (of non-empty) wqos is not a wqo. For the lexicographic sum,108

the infinite case is more interesting: given an ordinal α and an α-indexed family of wqos (Aγ)γ<α ,109

their lexicographic sum ∑γ<α Aγ remains a wqo.110

The Cartesian product (A × B,≤×) and the lexicographic product (A · B,≤·) both have for
111

support A × B, and their orderings are obtained as follows:112

(a, b)≤× (a′, b′) def⇐⇒ a ≤A a′ ∧ b ≤B b′ ,

(a, b)≤· (a′, b′) def⇐⇒ b ≤B b′ ∧ (b ≡B b′ =⇒ a ≤A a′) .

In this document, we will use A×n to denote the Cartesian product of n copies of A, with n finite.113

Example 2.2. Consider the wqos A3 made of 3 elements a1 < a2 < a3 and Γ2 made of 2 incom-114

parable elements. Their Cartesian product Γ2 × A3 is a wqo made of 6 elements: two chains115

a1 < a2 < a3 side by side. Their lexicographic product Γ2 · A3 is a wqo made of 3 levels: each116

level containing a copy of Γ2, and each element of a level being greater than all elements of the117

lower levels. A graphical representation of these two products is given in Figure 2.118

It is known that both products are wqos when A and B are. We would like to emphasize the fact119

that our definition of the lexicographic product gives priority to the second component of pairs,120

contrary to the convention for words in a dictionary: this choice aligns lexicographic product with121

the usual product of ordinals.122

The set of finite sequences (or words) over A, written A<ω , is ordered using the word embedding
123

relation defined via:124

uuu = u1 · · · un ≤<ω vvv = v1 · · · vm
def⇐⇒ ∃1 ≤ f1 < f2 < · · ·< fn ≤ m such that ∀1 ≤ i ≤ n, ui ≤A v fi .

In the above definition, n and m are the lengths of uuu and vvv, respectively, and f is an embedding of125

uuu into vvv. We use ε to denote the empty word, of length 0.126

Remark 2.3. The word embedding relation can be defined inductively as follows: ε ≤<ω vvv for127

any word vvv, and auuu ≤<ω bvvv iff either a ≤A b and uuu ≤<ω vvv, or auuu ≤<ω vvv.128
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The set of finite multisets (M⋄(A),≤⋄) of elements in A ordered with multiset embedding,
129

corresponds to (A<ω ,≤<ω) quotiented by the following equivalence relation: uuu ≡ vvv iff vvv can be130

obtained from uuu by permuting the order of the letters. Equivalently uuu ≤⋄ vvv iff there exist some131

permutations uuu ≡ uuu′′′ and vvv ≡ vvv′′′ with uuu′′′ ≤<ω vvv′′′ (actually, a single permutation is always sufficient).132

Remark 2.4. The multiset embedding relation, as defined above, does not coincide with another133

classical ordering used on multisets due to Manna and Dershowitz (Dershowitz and Manna, 1979).134

***135

Let us now introduce the main operator of this article, that is the finitary powerset construction.
136

We write Pf(A) for the collection of finite subsetsb of A, with typical elements S, S′, . . . and endow137

it with the Hoare embedding relation (also known as the domination quasi-ordering, or the lower138

preorder), defined via139

(Hoare) S ⊑H S′ def⇐⇒ ∀a ∈ S ∃b ∈ S′ a ≤A b .

It is well-known that (Pf(A),⊑H ) is a wqo when A is whereas, as shown by Rado (1954), the full140

powerset P(A) (that considers infinite subsets as well) needs not be.141

Remark 2.5. The literature considers other ways of ordering the powerset of ordered sets, see,142

e.g., (Marcone, 2001). There exist the Smyth ordering, or upper preorder, defined with S ⊑S143

S′ def⇐⇒ ∀b ∈ S′ ∃a ∈ S a ≤A b, and an Egli-Milner ordering obtained as the intersection of ⊑H144

and ⊑S .145

There is a duality between ⊑H and ⊑S : for S1, S2 ⊆ A one has S1 ⊑H S2 ⇐⇒ A \ (↓ S1)⊑S146

A \ (↓ S2), where ↓ S denotes the downward-closure of a subset of A. In this article we neither147

consider the Smyth nor Egli-Milner orderings since they do not in general give rise to a well-148

quasi-ordered Pf(A).149

About ordinal arithmetic. To measure the complexity of wqos, we will use “ordinal invariants,”150

and therefore need to manipulate ordinals and their arithmetic. We suppose well-known the oper-151

ations of sum α + β , product α · β , natural sum α ⊕ β , and natural product α ⊗ β on ordinals,152

and refer to, e.g., Fraı̈ssé (1986) for a more complete presentation of ordinal arithmetic. Let us153

point out particular ordinals that will often be special cases in our results and proofs.154

Definition 2.6. An ordinal α is155

• an ε-number whenever ωα = α;156

• additively indecomposable when for any β < α and γ < α , β ⊕ γ < α . Alternatively,157

additively indecomposable ordinals are of the form ωα ′
with α ′ any ordinal.158

• multiplicatively indecomposable when for any β < α and γ < α , β ⊗ γ < α . Alternatively,159

multiplicatively indecomposable ordinals (besides 2) are of the form ωα ′
with α ′ additively160

indecomposable.161

As an abuse of language, we will simply write “indecomposable” for “multiplicatively in-162

decomposable” in the rest of this article, and always rule out 0, 1 and 2 from our notions163

of indecomposable ordinals in order to simplify our statements, as these will often be treated164

separately.165

bThis collection is more usually denoted Pfin(A) in the literature, or also Fin(A), [A]<ω , and P<ω (A) in some subfields.
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Since some of our results rely heavily on 2-exponentiation (see Table 1), let us briefly recall166

that ordinal exponentiation is defined via α0 def
= 1, αβ+1 def

= αβ · α and, for λ a limit ordinal, αλ def
=167

supγ<λ αγ . Exponentiation satisfies both α(β+γ) = αβ · αγ and (αβ )γ = α(β ·γ), which entails the168

following useful fact:169

Fact 2.7 (2-exponentiation). If n < ω and α = ω · α ′ + n then 2α = ωα ′ · 2n.170

Now since any ordinal can be written (in a unique way) as α = ω · α ′ + n with n < ω , Fact 2.7171

implies that 2α is additively indecomposable if, and only if, α is a limit ordinal.172

When constructing examples of wqos with specific ordinal invariants, we will often rely on the
173

Cantor Normal Form (CNF) of ordinals. Any non-zero ordinal α can be written uniquely as a174

finite sum175

α = ∑
i<n

ω
αi

with n > 0 and α0 ≥ α1 ≥ · · · ≥ αn−1. The ordinals αi are the exponents of the CNF of α . For a176

ε-number α , its CNF has a single term, i.e., α = ωα .177

Ordinal invariants. We follow the path of Křı́ž and Thomas (1990, § 4) to introduce ordinal
178

invariants. For any wqo (A,≤A), we define Bad(A) (respectively Dec(A) and Inco(A)) as the179

tree of bad sequences (respectively strictly decreasing sequences and antichain sequences) of A180

ordered by inverse prefix order: in each tree the empty sequence is the root, and if a sequence s is181

a prefix of a sequence t, then s ≥ t.182

Observe that, since A is a wqo (hence satisfies the finite antichain condition and is well-183

founded), Bad(A) is a tree without infinite branches, i.e., is well-founded, and so are Dec(A)184

and Inco(A) since they are subtrees of Bad(A). However, these trees may be infinite by way of185

having infinite branching.186

We ascribe an ordinal rank rk(s) to any node s of a well-founded tree T from bottom to top.
187

Let s ∈ T be a node: if s is a leaf, then rk(s) is defined as 0. Otherwise, rk(s) is defined as the188

supremum of the ranks of its successors plus one, i.e., sup{ rk(t) + 1 | t ≤ s in T }. Since T can be189

infinitely branching, rk(s) may be an infinite ordinal. The rank of T is defined as the rank of its190

root.191

Definition 2.8 (Ordinal invariants). The maximal order type (m.o.t.), height and width of a wqo A192

are respectively the rank of Bad(A), Dec(A) and Inco(A). They are denoted o(A), h(A) and w(A).193

Remark 2.9. Since Dec(A) is well-founded when A is well-founded, the definition of height can194

be extended to well-founded quasi-orders.195

In accordance with the inductive definition of the ordinal rank, the ordinal invariants can be
196

computed using so-called descent equations. For a relation symbol • among, e.g., <,≤, ̸≥,⊥, . . .,197

and some element x of a wqo A, we define the residual A•x = { y ∈ A | y • x }. Then, with the above198

notations the following inductive characterisations can be derived:199

o(A) = sup
x∈A

{
o(A ̸≥x) + 1

}
,(Do)

h(A) = sup
x∈A

{h(A<x) + 1} ,(Dh)

w(A) = sup
x∈A

{w(A⊥x) + 1} .(Dw)
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The notion of residual extends to subsets B ⊆ A by considering the intersection of the residuals200

A•y where y ranges over B, namely:201

A•B
def
=
⋂
y∈B

A•y .

The reader may notice that A≤x is in fact the downward closure of {x} in A, a basic and useful
202

notion that we denote with ↓A{ x } or ↓A x as is common. However, residuation and closure are203

different concepts: the downward closure of some subset B ⊆ A, written ↓A B, is the union of the204

closures ↓A{ y } for y ∈ B, hence is not the same as A≤B (unless B is a singleton). We write more205

simply ↓ x and ↓ B when the wqo A is clear from the context. Note that ↓A A = A (closures are206

extensive), and that ↓ /0 = /0 (they preserve the empty set). A set B ⊆ A is downwards closed when207

↓A B = B.208

Using the descent equations, we can compute our first ordinal invariants and relate them to each209

other. For instance, the ordinal invariants of the finite partial-order of Figure 1 are exactly its size,210

height and width, i.e., o(A) = 6, h(A) = 4 and w(A) = 3. Similarly, it is relatively straightforward211

to prove that for A = ω (the natural numbers with the usual ordering), then o(A) = h(A) = ω , and212

w(A) = 1.213

One important fact about the ordinal invariants that is worth mentioning is that they only count214

“non-equivalent” elements (strictly below, non-comparable, or not above), hence are oblivious to215

quotienting by equivalence. Hence, working with a wqo or with its associated wpo does not change216

the values of the invariants:217

Fact 2.10. Let A and B be two wqos. If A ∼=wpo B then µ(A) = µ(B) for any invariant µ among218

{o, h, w}.219

We summarize the current knowledge on ordinal invariants in Table 2.c As one can see, for220

most operations on wqos, the ordinal invariants can be expressed as a function of the invariants of221

the arguments. Actually, this is even better, one can compute any specific invariant from the same222

invariant of the arguments.223

Table 2. : How to compute ordinal invariants compositionally (Džamonja et al., 2020).

Space M.O.T. Height Width

α α α 1

A ⊔ B o(A)⊕ o(B) max(h(A), h(B)) w(A)⊕ w(B)

A + B o(A) + o(B) h(A) + h(B) max(w(A), w(B))

A × B o(A)⊗ o(B) h(A) ⊕̂ h(B) Not functional

A · B o(A) · o(B) d h(A) · h(B) w(A)⊙ w(B)

M⋄(A) ω ô(A) h⋆(A) o(M⋄(A)) e

A<ω ωω(o(A)±)
h⋆(A) o(A<ω) f

Pf(A) ? ? ?

cThe table uses some ad-hoc ordinal operations, like α± or α ⊕̂ β , for conciseness and clarity: they all appear in earlier
papers (but sometimes the notation is new) and their definition is recalled in Figure 3 (page 8).
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Example 2.11. Consider A = (ω + ω) ⊔ (ω + ω). Using Table 2, we can compute its ordinal224

invariants compositionally as follows: o(A) = o(ω + ω)⊕ o(ω + ω) = ω · 4. Similarly, h(A) =225

ω · 2, and w(A) = 2.226

Unfortunately, both the Cartesian product and the finitary powerset do not belong to this nice227

picture, as witnessed by the “Not functional” and “Unknown” entries in Table 2.228

α ⊕̂ β
def
= sup

{
α
′ ⊕ β

′∣∣α ′ < α, β
′ < β

}
,

α
± def
=


α − 1 if α is finite,
α + 1 if α = ε + n with ε an ε-number and n < ω ,
α otherwise,

h⋆(A) def
=

{
h(A) if h(A) is additively indecomposable ≥ ω ,

h(A) · ω otherwise,

α
◦ def
=

{
α + 1 if α = ε + n ,

α otherwise.

α̂
def
= ω

α◦
1 + · · ·+ ω

α◦
n when α = ω

α1 + · · ·+ ω
αn ,

α ⊙ β defined via


α ⊙ 0 def

= 0 ,

α ⊙ (β + 1) def
= (α ⊙ β )⊕ α ,

α ⊙ λ
def
= supγ<λ (α ⊙ γ + 1) for λ limit.

Figure 3: Definition of the notations used in Table 2.

Techniques for ordinal invariants. When compositional techniques fail, one can resort to more229

general methods to compute or estimate the ordinal invariants of wqos. In the remainder of this230

section, we introduce the basic toolbox used in this article. First, since Dec(A) and Inco(A) are231

subtrees of Bad(A), we always have the following inequalities:232

(1) h(A)≤ o(A) and w(A)≤ o(A) .

In the finite case, one also knows that o(A)≤ h(A)× w(A), where × is the usual multiplication233

of natural numbers. As shown by Křı́ž and Thomas, this generalizes to the infinite case, using the234

natural product, ⊗, on ordinals:235

Theorem 2.12 (Křı́ž and Thomas (1990, Thm. 4.13)). For any wqo A, o(A)≤ h(A)⊗ w(A).236

Theorem 2.12 is often used when o(A) is multiplicatively indecomposable in view of the237

following corollary:238

Corollary 2.13. Assume that o(A) is multiplicatively indecomposable. If h(A)< o(A) then239

w(A) = o(A), and if w(A)< o(A) then h(A) = o(A).240

dAssuming that o(B) is a limit. See ? for the general case.
eAssuming that o(A) = ωα is additively indecomposable ≥ ω .
fAssuming that o(A)> 1.
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Another useful technique to establish inequalities between ordinal invariants is to compare241

the invariants of different wqos. The most straightforward way to relate two wqos for us will be242

reflections and their special cases, substructures and augmentations.243

Definition 2.14 (Augmentation). A quasi-order (A,≤A) is an augmentation of (B,≤B) whenever244

A = B and ≤B ⊆≤A. We write this relation as B ≤aug A.245

Definition 2.15 (Substructure). A quasi-order (A,≤A) is a substructure of a quasi-order (B,≤B)246

whenever A ⊆ B and ≤A is the restriction ≤B ∩(A × A) of ≤B to A. This relation is written A ≤st B.247

In the remainder of this article we often write statements like, e.g., “A is a substructure248

of A × A”, when we really mean “A is isomorphic to a substructure of A × A”, or even wpo-249

isomorphic to a substructure of A × A, since these do not influence the ordinal invariants (recall250

Fact 2.10).251

Definition 2.16 (Reflection). A mapping f : A → B between two wqos is a reflection if f (x)≤B252

f (y) implies x ≤A y. We write A ↪→ B when there exists a reflection from A to B.253

Example 2.17. Let A be any wqo. The mapping f : A → Pf(A) defined by f (x) = {x} is a reflection254

from A to Pf(A) since f (x)⊑H f (y), i.e., {x} ⊑H {y}, implies x ≤A y.255

In general the ordinal invariants behave monotonically with reflections and their special cases,256

as summarized in Lemma 2.18.257

Lemma 2.18. For any wqos A, B,258

• if A ≤st B then µ(A)≤ µ(B) for µ ∈ { o, w, h }.259

• if A ≥aug B then µ(A)≤ µ(B) for µ ∈ { o, w }. Moreover, if A is a wpo then h(A)≥ h(B).260

• if A ↪→ B then µ(A)≤ µ(B) for µ ∈ { o, w }.261

The exception with h is that, when A is an augmentation of B, the pairs (a, b) in ≤A \ ≤B may262

give rise to new descending sequences, and potentially to a larger height, but they may also give263

rise to new pairs of equivalent elements (if b <B a then a ≡A b) with the potential of reducing264

some strictly decreasing sequences from A, leading to a diminished height.265

As many proofs will rely on the descent equations (Do–Dw), it will be particularly useful for266

us to be able to find substructures with prescribed ordinal invariants when proving lower bounds.267

This is always possible, as stated in Lemma 2.19.268

Lemma 2.19. For any ordinals β < α , any µ ∈ { o, w, h }, and any wqo A such that µ(A) = α ,269

there exists B ≤st A such that µ(B) = β .270

Proof. It is well-known (see, e.g., Wolk (1967)) that when a well-founded tree has rank α then271

every β < α is the rank of some node of the tree. Thus if β < o(A), the tree of bad sequences has272

a node s (a bad sequence) of rank β . If we write S for the set of elements listed in s, the subtree273

rooted at s is isomorphic to Bad(A̸≥S) so β = o(A ̸≥S) and we conclude by noting that the residual274

A̸≥S is a substructure of A. Finally, the same reasoning applies to h(A) and w(A) using the trees275

Dec(A) and Inco(A) and residuals of the form A<S and A⊥S.276

Notice that Pf(A) is a quotient of M⋄(A) through the map M ∈M⋄(A) 7→ { x ∈ A | M(x)≥ 1 }.277

Unfortunately quotients do not preserve the ordinal invariants, and M⋄(A) and Pf(A) actually278

exhibit strikingly different behaviors.279
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Finitary powerset. Let us finish this preliminary section by collecting few basic facts about280

the finitary powerset constructions that can be immediately derived from our above tools and281

definitions. These are folklore results, but will be used extensively in the remainder of this article.282

Like all the previously recalled operations on wqos, the finitary powerset construction is mono-283

tonic with respect to the orderings associated with augmentations, substructures and reflections:284

if A ≤aug B then Pf(A)≤aug Pf(B) etc.285

For some proofs, it will be easier to work with wpos rather than wqos. Unfortunately, the finit-286

ary powerset construction does not preserve wpos and can introduce equivalence classes. However287

Pf(A) is wpo-isomorphic to Ant(A), the set of (finite) antichains ordered with the Hoare embed-288

ding, through the map associating with any finite S ∈ Pf(A) the set max S of its maximal elements.289

If A is a wpo then Ant(A) is a wpo too.290

Finally, we list in Lemma 2.20 some simple isomorphisms (or wpo-isomorphisms) involving291

the finitary powerset construction together with disjoint unions, lexicographic sums, and ordinals.292

Lemma 2.20. Let A, B be wqos, and α be an ordinal. Then,293

(1) Pf(A + B)∼=wpo Pf(A) + (Pf(B) \ { /0 }),294

(2) Pf(A ⊔ B)∼= Pf(A)× Pf(B), and295

(3) Pf(α)∼=wpo 1 + α .296

Proof. Any finite subset S of A + B can be decomposed into a subset SA of A and a subset SB of297

B. For any two subsets S, S′, if S′B ̸= /0, then S ⊑H S′ iff SB ⊑H S′B. Otherwise, when S′B = /0, then298

S ⊑H S′ iff SB = /0 too and SA ⊑H S′A. Thus the function mapping S to SB if SB ̸= /0, and to SA299

otherwise, is a monotonic reflection from Pf(A + B) to Pf(A) +(Pf(B) \ { /0 }).300

Similarly, any finite subset S of A ⊔ B can be decomposed into a subset SA of A and a subset SB301

of B, such that S ⊑H S′ iff SA ⊑H S′A and SB ⊑H S′B for any finite subset S, S′ of A ⊔ B. Thus the302

function mapping S to the pair (SA, SB) is an isomorphism between Pf(A ⊔ B) and Pf(A)× Pf(B).303

Finally, we observed earlier that Pf(α) is wpo-isomorphic to Ant(α). However, any non-empty304

finite subset of α has a unique maximum, hence, every (non-empty) antichain of α is a singleton305

set. When also the empty set is counted we obtain Ant(α)∼= 1 + α .306

3. Upper and lower bounds for Pf(A)307

Our first claim is that the ordinal invariants of Pf(A) cannot be expressed as a function of o(A),308

h(A), and w(A), as witnessed in Example 3.1.309

Example 3.1. Consider A1 = (ω + ω) ⊔ (ω + ω) and A2 = (ω ⊔ ω) + (ω ⊔ ω). These two310

wqos have the same ordinal invariants, but Pf(A1) and Pf(A2) disagree on all 3 ordinal invariants.311

Proof of Claim. Observe that Pf(A1)∼= ω · 2 × ω · 2, and that Pf(A2)∼=wpo (ω × ω) + (ω × ω)312

(Lemma 2.20). As a consequence, we obtain the following ordinal invariantsg:313

gIn these and later computations, we rely on Abraham (1987) and Vialard (2024b) for the width of Cartesian products of
ordinals.



Mathematical Structures in Computer Science 11

A o h w

A1 ω · 4 ω · 2 2

A2 ω · 4 ω · 2 2

Pf(A1) ω2 · 4 ω · 3 ω · 3

Pf(A2) ω2 · 2 ω · 2 ω

314

315

The non-functionality of the ordinal invariants of Pf(A) does not prevent us from building316

bounds for h, w, and o. Our main argument to prove upper and lower bounds will be structural317

in the sense that, from the form of the ordinal invariants of A (e.g., are they successor or limit318

ordinals? finite or infinite? indecomposable?), we will deduce some structure B related to A such319

that the invariants of Pf(B) are easier to estimate. Here is a first example, a structural lemma used320

for the upper bound on the maximal order type:321

Lemma 3.2 (Sandwich Lemma). Let (A,≤) be a wqo such that o(A) = α + β for some ordinals322

α, β . Then there exists a partition A = Aα ⊎ Aβ of A with o(Aα) = α , o(Aβ ) = β , and such that323

Aα ⊔ Aβ ≤aug A ≤aug Aα + Aβ .324

Section A.1 contains the proof of Lemma 3.2, which is a refinement of a previous result from325

(de Jongh and Parikh, 1977, Theorem 3.2), where the case β = 1 is handled.326

3.1 Maximal Order Type of Pf(A)327

Let A be a wqo. It is clear that, modulo isomorphism, 1 + A is a substructure of Pf(A) through328

the map 0 7→ /0 and, for x ∈ A, x 7→ { x }. Using Table 2 and Lemma 2.18, we obtain the following329

lower bound:330

(2) 1 + o(A) = o(1 + A)≤ o(Pf(A)) .

For the upper bound, we will rely on Lemma 3.2 to recursively decompose A and prove that331

o(Pf(A))≤ 2o(A).332

Theorem 3.3. For all wqo A, 1 + o(A)≤ o(Pf(A))≤ 2o(A).333

Proof. We prove the second inequality by induction on o(A). We consider three cases:334

1. o(A) is finite: Assume w.l.o.g. that A is a wpo. Then o(A) is the cardinal of A and o(Pf(A)) is335

less than, or equal to, the cardinal of Pf(A) which is 2o(A).336

2. o(A) is an infinite successor ordinal: Then o(A) = α + n with α limit and infinite, and 1 ≤ n <337

ω . Using Lemma 3.2 we can split A as A = A1 ⊎ A2 with o(A1) = α , o(A2) = n, and A ≥aug338

A1 ⊔ A2. Because Pf is monotonic with respect to augmentations, we see that Pf(A)≥aug339

Pf(A1 ⊔ A2). Then, from Lemma 2.18, we deduce that o(Pf(A))≤ o(Pf(A1 ⊔ A2)). But we340

know from Lemma 2.20 that Pf(A1 ⊔ A2)∼=wpo Pf(A1)× Pf(A2), and from Table 2 that the341

Cartesian product is the commutative product ⊗ of the two maximal order types, hence we342

obtain:343

o(Pf(A))≤ o(Pf(A1)× Pf(A2)) = o(Pf(A1))⊗ o(Pf(A2)) .
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The induction hypothesis gives o(Pf(A1))≤ 2α and o(Pf(A2))≤ 2n. Therefore, o(Pf(A))≤344

2α ⊗ 2n = 2α+n. We have proven that o(Pf(A))≤ 2o(A) in this case.345

3. o(A) is a limit ordinal: We use the descent equations:346

(3) o(Pf(A))
(Do)
= sup

S∈Pf (A)

(
o(Pf(A)̸ ⊑H S) + 1

)
.

Given a finite set S ∈ Pf(A), we further decompose the set Pf(A)̸ ⊑H S:347

Pf(A)̸ ⊑H S = {T ∈ Pf(A) | S ̸⊑H T}
= {T ∈ Pf(A) | ∃x ∈ S, ∀y ∈ T, x ̸≤ y}
= {T ∈ Pf(A) | ∃x ∈ S, T ∈ Pf(A ̸≥x)}
=
⋃
x∈S

Pf(A ̸≥x) .

As a consequence, Pf(A)̸ ⊑H S is an augmentation of the disjoint sum
⊔

x∈S Pf(A ̸≥x), and the348

following inequality holds with reasoning similar to the successor case (using Lemmas 2.18349

and 2.20 and Table 2):350

(4) o(Pf(A)̸ ⊑H S)≤
⊕
x∈S

o(Pf(A ̸≥x))≤
[
max
x∈S

o(Pf(A ̸≥x))
]
⊗ |S| .

Let us write β = maxx∈S o(A ̸≥x). Eq. (Do) entails β < o(A). By induction hypothesis, for351

all x ∈ S, we have o(Pf(A ̸≥x))≤ 2o(A ̸≥x) ≤ 2β . Hence352

o(Pf(A)̸ ⊑H S)≤ 2β ⊗ |S|< 2o(A) ,

where the last step relies on 2o(A) being additively indecomposable when α is limit. Using353

again this fact that 2o(A) is additively indecomposable, we see that o(Pf(A)̸ ⊑H S) + 1 <354

2o(A). Since this holds for any S, Eq. (3) entails o(Pf(A))≤ o(A).355

Notice that in the proof of Theorem 3.3, we relate the residual of a set S in Pf(A) with the356

residuals A̸≥x of the elements of S in A. This method will be used several times in this article.357

3.2 Height of Pf(A)358

Let A be a wqo. For the same reason as for Eq. (2), that is, because 1 + A is a substructure of359

Pf(A), we have the following lower bound:360

(5) 1 + h(A)≤ h(Pf(A)) .

Before going further, we would like to produce a non-tight upper bound for h(Pf(A)),361

that relates it to the height of P(A) (recall that the height is defined whenever the order is362

well-founded). While crude, this bound will serve later in ??.363

Remark 3.4. Pf(A) is a substructure of the full powerset P(A) ordered with Hoare’s embed-364

ding, which is wpo-isomorphic to (Down(A),⊆), the downward-closed subsets of A ordered by365

inclusion. Therefore, h(Pf(A))≤ h(Down(A)) = o(A) + 1 (Džamonja et al., 2020, Theorem 3.5).366

One can improve this upper bound. As in the proof of Theorem 3.3, we rely on a structural367

decomposition lemma to handle the successor case, and on the relationship between the residuals368

of Pf(A) and those of A for the limit case. Since the structural lemma is simpler to obtain, we369

include its proof.370
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Lemma 3.5. Let A be a wqo such that h(A) = α + 1. Then there exists a partition A = A⊥ ⊎371

A⊤ ≤aug A⊥ + A⊤ such that h(A⊥) = α and A⊤ is wpo-isomorphic to an antichain.372

Proof. Without any loss of generality, let us assume that A is a wpo. In this proof we use the same373

result of Wolk (1967) that was used in Lemma 2.19. The rank function rk of Dec(A) can be used374

to associate a rank with every element of A as follows: the rank of x is rk((x)), referring to (x), the375

decreasing sequence of length 1 built with x.376

Observe that elements of equal rank always forms an antichain, and that the direct sum of the377

antichains obtained from the partition of A by rank is an augmentation of A378

If we now let A⊤ = { x ∈ A | rk((x)) = α } and A⊥ = A \ A⊤, then h(A⊥) = α and A⊤ is an379

antichain, which concludes the proof.380

Theorem 3.6. For all wqo A, there exists m ∈N such that,381

1 + h(A)≤ h(Pf(A))≤

{
2h(A) when h(A) is a limit ordinal,
2h(A) · m when h(A) is a successor ordinal.

Proof. There only remains to prove the upper bound. We do this by induction on h(A).382

If h(A) is finite, then because A is a wqo, it is wpo-isomorphic to a finite set, and so Pf(A) is too.383

As a consequence, h(Pf(A))≤ m for some m ∈N.384

If h(A) = α + 1 is an infinite successor ordinal, we rely on Lemma 3.5 and pick a decomposition385

A = A⊥ ⊎ A⊤ such that h(A⊥) = α and A⊤ ∼=wpo Γm for some 1 ≤ m < ω . Without loss of386

generality, assume that A is a wpo. Recall that Pf(A)∼=wpo Ant(A), the wpo of antichains of387

A ordered by Hoare’s embedding and observe that any antichain S of A can be decomposed388

as an antichain of S⊥ of A⊥ and an antichain S⊤ of A⊤. Let S, S′ be two antichains of A.389

Then S ⊑H S′ only if either S⊤ ⊑H S′⊤, or S⊤ = S′⊤ and S⊤ ⊑H S′⊤. Hence, antichains of390

A can be seen as lexicographically ordered pairs of antichains of A⊤ and antichains of A⊥:391

Ant(A)≤aug { (S⊥, S⊤)∈Ant(A⊥) ·Ant(A⊤) | S⊥ ∪ S⊤ ∈Ant(A) }
≤st Ant(A⊥) ·Ant(A⊤) .

Because h is monotonic with respect to augmentations and substructures for wpos392

(Lemma 2.18), we conclude that h(Ant(A))≤ h(Ant(A⊥)) · h(Ant(A⊤)). From Table 2,393

we then conclude that h(Ant(A⊥) ·Ant(A⊤)) = h(Ant(A⊥)) · h(Ant(A⊤)). From the in-394

duction hypothesis, there exists m ∈N such that h(Ant(A⊥))≤ 2α · m for some m, and395

h(Ant(A⊤)) = h(Γm′) for some m′. Therefore, again using Table 2, h(Ant(A))≤ 2α · m ·396

h(Γm′). We conclude, as desired, that h(Pf(A))≤ 2α · (m × (1 + m′)).397

If h(A) = α where α is limit ordinal, then using Eq. (Dh):398

h(Pf(A)) = sup
S∈Pf (A)

(
h(Pf(A)⊏H S) + 1

)
.

Let us fix S ∈ Pf(A) and let B def
= Pf(A)⊏H S. Then399

B = {T ∈ Pf(A) | T ⊏H S}
⊆ {T ∈ Pf(A) | T ⊆ ↓ S}
= Pf(↓ S) .

We recall that ↓ S def
=
⋃

x∈S A≤x. Because h(A) = α is a limit ordinal, for all x ∈ A, h(A)≤x =400

h(A<x) + 1 < α . Since S ⊆ A is finite, h(↓ S)< α .401
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We can therefore apply the induction hypothesis: There exists m ∈N such that h(B)≤402

2h(↓ S) < 2α if h(B) is limit, and h(B)≤ 2h(↓ S) · m < 2α otherwise.403

This proves that h(Pf(A))≤ 2α .404

Note that the upper bound of Theorem 3.6 could be refined further to control the constant m in405

the successor case. To that end, one could change the induction so that in the successor case, one406

decomposes h(A) as α + n with α limit, and then see that m is bounded by h(Pf(Γn)). As this407

complexifies both the proof and the statement with low added value, we refrained from doing so.408

3.3 Width of Pf(A)409

Thanks to Theorem 3.3, and since w ≤ o, we see that w(Pf(A))≤ 2o(A). This inequality does not410

bound the width of Pf(A) by an expression depending on w(A), and we now claim that there exists411

no such upper bound, anticipating the tightness results of Section 4.412

Example 3.7. For all infinite ordinal α , let Aα = ω ⊔ α . Then w(Aα) = 2 and w(Pf(Aα)) = α .413

Proof. Lemma 2.20 gives Pf(Aα)∼= Pf(ω)× Pf(α)∼= ω × α . There remains to compute the414

width of a Cartesian product of ordinals: w(ω × α) = α (Abraham, 1987; Vialard, 2024b).415

As a consequence, we will focus on providing a lower bound for the width of Pf(A). As opposed416

to the case of h and o, this lower bound happens to be non-trivial to obtain. Our first goal is to417

provide structural lemmas analogue to Lemmas 3.2 and 3.5.418

Lemma 3.8. Let A be a wqo such that w(A) = α + n with 0 ≤ n < ω . Then there exists B such419

that B ⊔ Γn ≤st A and w(B) = α .420

Proof. By induction on n. We build an antichain X = {x1, . . . , xn} of A such that w(A⊥X ) = α so421

letting B = A⊥X proves the claim. The case n = 0 is trivial.422

When n > 0, and according to Eq. (Dw), w(A) = supx∈A(w(A⊥x) + 1), therefore there exists423

x ∈ A such that w(A⊥x) = α + (n − 1). By ind. hyp., there is an antichain X ′ = {x1, . . . , xn−1}424

of A⊥x such that w(A⊥x∪X ′) = α . Now, and since X ′ is in A⊥x, letting X = {x} ∪ X ′ yields an425

antichain and concludes the proof.426

Corollary 3.9. Let A be a wqo. If w(A) = k < ω , then Γk ≤st A.427

A lower bound using the structural decomposition lemmas above will naturally rely on com-428

puting widths of the form w(Pf(B ⊔ Γk)), which can be rewritten as w(Pf(B)× Pf(Γk)) according429

to Lemma 2.20. One major roadblock to such a proof scheme is that Table 2 does not provide a430

closed expression for the width of a cartesian product. To tackle this issue, we leverage the work431

of Džamonja et al. (2020) and Vialard (2024b).432

Lemma 3.10 (Lower bound on the width of the Cartesian product). Let A, B be two wqos such433

that w(B)≥ ω is additively indecomposable. Then w(A × B)≥ w(B) · o(A).434

Since the proof of Lemma 3.10 uses technical notions that are not central to this article, we435

refer the reader to Section A.2 for details.436

In the following bounds for the width of the finitary powerset, we abstract away the finite437

constants (as in Theorem 3.6) to simplify the analysis. Note that the finite parts are computed as438

w(Pf(Γk)) for some k, which is
( k
⌊k/2⌋

)
by Sperner’s theorem.439
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Theorem 3.11. Let A be a wqo. If w(A) is infinite then w(Pf(A))≥ 2w(A). If w(A) = k < ω then440

w(Pf(A))≥ w(Pf(Γk)).441

Proof. We prove the result by induction on w(A).442

If w(A) = k < ω then by Corollary 3.9, Γk ≤st A, hence by monotonicity of Pf , Pf(Γk)≤st Pf(A).443

Since the ordinal width is monotone with respect to substructures (Lemma 2.18), we444

conclude that445

w(Pf(Γk))≤ w(Pf(A)) .

If w(A) = α + n with α limit and 1 ≤ n < ω then by Lemma 3.8, there exists a wqo B of width446

α , such that B ⊔ Γn ≤st A. Hence w(Pf(A))≥ w(Pf(B ⊔ Γn)) = w(Pf(B)× Pf(Γn)) accord-447

ing to Lemmas 2.18 and 2.20. By induction hypothesis, 2α ≤ w(Pf(B)). Therefore, by448

Lemma 2.19, there exists C ≤st Pf(B) such that w(C) = 2α . The latter is an additively449

indecomposable ordinal since α is limit and infinite, hence we may continue with450

w(Pf(A))≥ w(Pf(B)× Pf(Γn))≥ w(C × Pf(Γn)),

and with Lemma 3.10451

≥ w(C) · o(Pf(Γn)) = 2α · 2n = 2α+n,

which is the expected lower bound.452

If w(A) = ω then for all k < ω , w(Pf(A))≥ w(Pf(Γk)). Observe that supk<ω w(Pf(Γk)) = ω , and453

therefore w(Pf(A))≥ ω = 2ω .454

If w(A) = α > ω and α is a limit ordinal, then for all ω < β < α , there exists (Lemma 2.19)455

a Bβ ≤st A such that w(Bβ ) = β . By induction hypothesis, and since ω < β , 2β ≤456

w(Pf(B))≤ w(Pf(A)). Therefore,457

w(Pf(A))≥ sup
β<α

2β = 2α .

4. Tightness of the Bounds458

The upper and lower bounds provided in Section 3 allow huge gaps. For instance, when h(A) =459

ω2, Theorem 3.6 shows that h(Pf(A)) can lie between 1 + ω2, i.e., ω2, and 2ω2
, i.e., ωω . We pro-460

ceed to prove that these gaps cannot be avoided by exhibiting, for every measure µ ∈ { w, o, h },461

for upper and lower bounds, a family (Xα)α of wqos such that µ(Xα) = α and such that µ(Pf(Xα))462

equals the provided (upper or lower) bound.463

4.1 Tight lower bound for w(Pf(A)) and upper bound for o(Pf(A))464

We first introduce a family of wqos (Hα)α that will reach both the lower bounds for w(Pf(X)) and465

the upper bound for o(Pf(X)). We recall that, for any k < ω , Γk denotes a wqo of k incomparable466

elements. The definition of Hα will use the Cantor normal form (CNF) of α , i.e., the unique way467

of writing α as α = ωα1 + ωα2 + · · ·+ ωαn with α1 ≥ α2 ≥ · · · ≥ αn.468

Definition 4.1. We first define inductively the Hα for α a power of ω:469

– Hω0
def
= Γ1,470

– Hω1
def
= ∑n∈ω Γn = Γ0 + Γ1 + Γ2 + · · · , see Figure 4,471

– for α > 0, H
ωωα = ∑β<ωα H

ωβ ,472
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– and for α = ωα1 + · · ·+ ωαn in Cantor normal form, with n > 1, Hωα
def
=473

H
ωω

α1 ·H
ωω

α2 · · · ·H
ωωαn (the lexicographic product of the family of H

ωω
αi ).474

• • • • Γ4

• • • • • Γ5

• Γ1
<< <

...

...

...

...

Figure 4: Hω1
def
= Γ0 + Γ1 + Γ2 + · · ·

Proposition 4.2. For all ordinal α:475

h(Hωα ) = w(Hωα ) = o(Hωα ) = ω
α .

The proof of Proposition 4.2 is done by induction on α and follows from Table 2, except that476

some technical care is needed to handle the lexicographic product case. Therefore, the full proof477

can be found in Section B.1.478

Unfortunately, the family Hωα only covers ordinals of the form ωα . We now extend it to479

all ordinals as follows: for an ordinal α in Cantor normal form ωα1 + · · ·+ ωαn , we let Hα be480

defined as Hω
α1 ⊔ · · · ⊔Hωαn . While this ensures w(Hα) = o(Hα) = α for all α , observe that481

Hα has height maxi ωαi and not α .482

There remains to evaluate the ordinal invariants of Pf(Hα).483

Theorem 4.3. For every α , o(Hα) = w(Hα) = α . Furthermore, w(Pf(Hα)) attains the lower484

bound of Theorem 3.11 and o(Pf(Hα)) attains the upper bound of Theorem 3.3.485

Proof. From Theorems 3.3 and 3.11 we conclude that for α infinite:486

2α = 2w(Hα ) ≤ w(Pf(Hα))≤ o(Pf(Hα))≤ 2o(Hα ) = 2α .

It follows that w(Pf(Hα)) = o(Pf(Hα)) = 2α . Hence, the upper bound in Theorem 3.3 and the487

lower bound in Theorem 3.11 are attained.488

Lastly, for α = k finite, Hk = Γ1 ⊔ · · · ⊔ Γ1 ∼= Γk. Now w(Pf(Γk)) is precisely the lower bound489

given in Theorem 3.11, while (Pf(Γk),⊑H ) = (Pf(Γk),⊆) is a wpo of cardinal 2k, hence of490

maximal order type 2k too.491

4.2 Tight upper bounds for h(Pf(A))492

We now provide a family of wqos reaching the upper bound for the height, that is: h(Pα) = α ,493

and h(Pf(Pα)) = 2α . For this recall that indecomposable ordinals are of the form ωωβ

.494
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Definition 4.4. Define Pα as follows:495

– Pω

def
= ω ,496

– if α ≥ ωω is indecomposable, Pα

def
= Pf(α

<ω).497

– if α = β + m with β indecomposable and m < ω , Pα+1,m
def
= (Pα + 1)× Γm.498

Since 2ω = ω and Pf(Pω)∼=wpo ω , we see that Pω reaches the upper bound for the or-499

dinal height of the finitary powerset. For any indecomposable α ≥ ωω , Pα is an elementary500

wqo (as defined in the next section). Therefore, we will see in Section 5.2 that h(Pα) = α , and501

h(Pf(Pα)) = 2α . We extend the family Pα to successors of indecomposable ordinals as follows.502

Definition 4.5 (Extended Family). Let α be an indecomposable ordinal and m < ω . Then,503

Pα+1,m
def
= (Pα + 1)× Γm.504

Lemma 4.6. Let α be an indecomposable ordinal and m < ω . Then,505

h(Pα+1,m) = α + 1 and h(Pf(Pα+1,m))≥ 2α · m .

Proof. Observe that (Pα + 1)× Γm is isomorphic to (Pα + 1)⊔ · · · ⊔ (Pα + 1), the disjoint506

sum of m copies of (Pα + 1). Therefore h(Pα+1,m) = h(Pα + 1) = α + 1 according to507

Table 2. According to Lemma 2.20, Pf(Pα+1,m)∼= (Pf(Pα + 1))×m ∼= (Pf(Pα) + 1)×m hence508

h(Pf(Pα+1,m)) = h(Pf(Pα) + 1) ⊕̂ · · · ⊕̂ h(Pf(Pα) + 1)≥ (2α + 1) ⊕̂ · · · ⊕̂ (2α + 1) =509

2α · m + 1.510

5. An algebra of well-behaved wqos511

The results in Sections 3 and 4 show that one cannot derive the height, width and maximal or-
512

der type of Pf(A) from the invariants of A. Hence the powerset construction behaves differently513

from other operations for which ordinal invariants can be computed in a compositional way (see514

Table 2).515

In this section we show that the situation is not so negative. We consider a rather large family of516

“elementary” wqos closed under most classical operations, for which we can compute the ordinal517

invariants of Pf(A), even in the presence of nested powerset constructions. This extends previous518

results in the literature for families of wqos which do not include the finitary powerset construc-519

tion (Vialard, 2024b). Most notably, the family of elementary wqos excludes the lexicographic520

sum, that behaves badly with respect to the Cartesian product as noticed by Vialard (2024b).521

Definition 5.1 (Elementary wqo). The family of elementary wqos is given by the following522

abstract grammar523

E def
= α ≥ ω

ω indecomposable | E1 ⊔ E2 | E1 × E2 | E<ω |M⋄(E) | Pf(E)

where M⋄(E) and E<ω respectively denote the finitary multiset and the finite sequence construc-524

tions on a wqo E.525

The invariants of most elementary wqos can be computed using Table 2. However some cases,526

for instance computing the ordinal invariants of Pf(E), or computing w(E1 × E2), need to be527

handled differently. To reduce the boilerplate code to a minimum, we first normalize our expres-528

sions so that we can minimize the appearance of problematic subexpressions with the help of529

some isomorphisms in the spirit of those described in Lemma 2.20. The rewriting rules given in530

Figure 5 preserve wqos modulo wpo-isomorphism, and define a strongly normalizing, confluent531

rewrite system on the expressions for elementary wqos.532
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Pf(α)→ α ,

E × (E1 ⊔ E2)→ (E × E1)⊔ (E × E2) ,

(E1 ⊔ E2)× E → (E1 × E)⊔ (E2 × E) ,
M⋄(E1 ⊔ E2)→M⋄(E1)×M⋄(E2) ,

Pf(E1 ⊔ E2)→ Pf(E1)× Pf(E2) .

Figure 5: Rewrite rules for elementary wqos

The normal form of an expression is computable. We therefore assume that an elementary wqo533

is always given via its expression in normal form, i.e., that cannot be rewritten by the above rules.534

Note that the rewrite rule Pf(α)→ α is valid because Pf(α)∼=wpo 1 + α for any ordinal α (see535

Lemma 2.20), and α is indecomposable in our definition of elementary wqos.536

5.1 Maximal order type and width of elementary wqos537

In this section, we provide an algorithm to compute both the width and the maximal order type538

of an elementary wqo E. The main idea of this double computation is that most elementary wqos539

verify the property w(E) = o(E), in which case the following “sandwich lemma” can be applied.540

Lemma 5.2 (Powerset Sandwich). Let A be a wqo such that w(A) = o(A)≥ ω . Then w(Pf(A)) =541

o(Pf(A)) = 2o(A).542

Proof. According to Theorem 3.11 for the lower bound, and Theorem 3.3 for the upper bound,543

we have544

2w(A) ≤ w(Pf(A))≤ o(Pf(A))≤ 2o(A) .

Some elementary wqos do not verify o(E) = w(E) (take for instance E = α). Moreover, if E is545

a Cartesian product, we cannot easily check if o(E) = w(E) as the width of the Cartesian product546

is not yet completely understood. We tackle this issue with recent work from Vialard (2024b),547

which reduces the width of a Cartesian product to its maximal order type in specific situations.548

Theorem 5.3 (Vialard (2024b, Theorem 5.2)). Let A1, . . . , An be wqos. If there exist i ̸=549

j ∈ [1, n] and α, β > 0 such that o(Ai) = ωω·α and o(A j) = ωω·β , then w(A1 × · · · × An) =550

o(A1 × · · · × An).551

As for the powerset, it will become clear in Lemma 5.4 that most products of elementary wqos552

satisfy the hypotheses of Theorem 5.3, and that the only exceptions for elementary wqos given in553

normal form are either ordinals, on which the finitary powerset construction acts trivially, or on a554

disjoint sum of elementary wqos, on which the finitary powerset acts as a disjoint sum of finitary555

powersets (see Lemma 2.20).556

Lemma 5.4 (Case disjunction). Let E be an elementary wqo (given through its expression in557

normal form). Then:558

(i) Either w(E) = o(E) = ωω·β for some ordinal β > 0,559

(ii) or E = E1 ⊔ E2 with E1, E2 elementary wqos,560

(iii) or E = α ≥ ωω indecomposable,561

Proof. By induction on the expression in normal form of E:562
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Case E = α: then E satisfies (iii).563

Case E = E1 ⊔ E2: then E satisfies (ii).564

Case E = E<ω
1 : Since any elementary wqo has m.o.t. > 1, E satisfies (i) according to Table 2.565

Case E =M⋄(E1): E is in normal form, hence E1 cannot be a disjoint sum (see Figure 5). By566

induction hypothesis E1 satisfies either (i), (ii), or (iii), and we know that (ii) is impossible.567

Hence o(E1)> 1 is additively indecomposable, therefore E satisfies (i), see Table 2.568

Case E = E1 × E2: E is in normal form, hence E1 cannot be a disjoint sum (see Figure 5). By569

induction hypothesis E1 and E2 both satisfy either (i) or (iii). Thus o(E1) and o(E2) are of570

the form ωω·α and ωω·β for some α, β > 0. Therefore, according to Theorem 5.3, w(E) =571

o(E) = o(E1)⊗ o(E2) = ωω·(α⊕β ) hence E verifies (i).572

Case E = Pf(E1): E is in normal form, so E1 cannot be a disjoint sum nor an ordinal (see573

Figure 5). Combining this with our induction hypothesis, we know that E1 satisfies (i).574

Thus, following Lemma 5.2, w(E) = o(E) = 2o(E1) = ωo(E1) hence E satisfies (i).575

We can deduce from the proof of Lemma 5.4 that for any elementary wqo E, if E = Pf(E1)576

in normal form then w(E) = o(E) = 2o(E1), because the case (ii) is impossible due to the rewrite577

rules of Figure 5. Similarly if E is a Cartesian product in normal form then w(E) = o(E). Hence578

we know the width and maximal order type of all elementary wqos, which is summarized in579

Table 3.580

E w(E) o(E)

α, E<ω
1 , E1 ⊔ E2 Table 2 Table 2
M⋄(E1)

Pf(E1) 2o(E1) 2o(E1)

E1 × E2 o(E1)⊗ o(E2) o(E1)⊗ o(E2)

Table 3. : Width and m.o.t. for elementary wqos

5.2 Height of elementary wqos581

Given a wqo E, its height h(E) is computable from the heights of its sub-expressions (see Table 2),582

with the notable exception of h(Pf(E)) which cannot be expressed as a function of h(E) as proven583

in Section 4.584

Recall that the height h(P(E)) of the full powerset construction can be computed via
585

h(P(E)) = o(E) + 1 (see Remark 3.4). The main contribution of this section, Theorem 5.11, lever-586

ages this equality to connect the height of the finitary powerset to the supremum of the maximal587

order type of approximations of E, that we will introduce in Definitions 5.5 and 5.8.588

Approximations will be defined inductively on the parse tree of an elementary wqo, by repla-
589

cing constructors with “strict approximations.” For instance, an ordinal α will be approximated by590

any smaller ordinal α ′ < α , and the finitary sequence construction E<ω will be approximated by591

Cartesian products of the form E×n for n < ω . To approximate finite multisets, we define for any592

wqo A and for any n < ω , the set M⋄
n(A) to be the set of multisets of exactly n elements ordered593

with the multiset embedding.594
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Definition 5.5 (Approximation of an elementary wqo). Let E, E ′ be two elementary wqos. We say595

E ′ approximates E, denoted with E ′ <approx E, iff one of the following clauses holds:h596

• E = α and E ′ ∼=wpo α ′ < α ,597

• E = E1 ⊔ E2 and E ′ ∼=wpo E ′
1 ⊔ E ′

2 where E ′
1 <approx E1 and E ′

2 <approx E2,598

• E = E1 × E2 and E ′ ∼=wpo E ′
1 × E ′

2 where E ′
1 <approx E1 and E ′

2 <approx E2,599

• E = E<ω
1 and E ′ ∼=wpo (E ′

1)
×n where E ′

1 <approx E1 and n < ω ,600

• E =M⋄(E1) and E ′ ∼=wpo M
⋄
n(E

′
1) where E ′

1 <approx E1 and n < ω ,601

• E = Pf(E1) and E ′ ∼=wpo Pf(E ′
1) where E ′

1 <approx E1.602

The notion of approximation can be understood as a principled way of considering strictly sim-
603

pler substructures of a given elementary wqo E, and the following fact ensures that approximations604

are indeed substructures of E, proven using a straightforward induction on its expression.605

Fact 5.6. E ′ <approx E =⇒ E ′ ≤st E.606

Example 5.7. Let E = (ωω × Pf(ω
ω))<ω . Typical approximations of E include the sets ((ω ·607

n)× Pf(ω · n))× n for n < ω . Indeed, those are approximations of E, and any other approximation608

E ′ <approx E is wpo-isomorphic to a substructure of one of those.609

The key idea behind the introduction of approximations is to introduce smoothened (weakened)610

versions of the ordinal invariants, that will behave better with respect to the finitary powerset611

construction. These new invariants are defined as the supremum of the corresponding invariant612

over all approximations.613

Definition 5.8 (Weakened ordinal invariants). Let µ ∈ {o, h, w} be an ordinal invariant, and E be614

an elementary wqo. Then, the weakened ordinal invariant associated to µ is defined as µ(E) def
=615

supE ′<approx E {µ(E ′) + 1}.616

Let us illustrate the computation of o(E) on the example from Example 5.7.617

Example 5.9. Let E = (ωω × Pf(ω
ω))<ω as in Example 5.7. Then, we have618

o(E) = sup
n<ω

{
o((ω · n)× Pf(ω · n))× n) + 1

}
= sup

n<ω

{
(o(ω · n)⊗ o(Pf(ω · n)))⊗n + 1

}
= sup

n<ω

{
((ω · n)⊗ (ω · n))⊗n + 1

}
= sup

n<ω

{
ω

2n · n2n + 1
}

= ω
ω ,

where α⊗n denotes the natural product α ⊗ · · · ⊗ α n times. On the other hand, using the induct-619

ive definition of the maximal order type from Table 3 on elementary wqos, we have o(E) = ωωωω·2
620

which is much larger than o(E).621

As for ordinary ordinal invariants, we are going to use structural monotonicity on a regular622

basis, which is ensured by the following lemma that extends Lemma 2.18 to approximations.623

hThe recursion in the definition is well-founded so the relation <approx is well defined.
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Fact 5.10. Let E1, E2 be elementary wqos such that the normal form of E1 is a sub-expression of624

the normal form of E2, and let µ ∈ {o, h, w}. Then µ(E1)≤ µ(E2).625

Proof. If E1 is a sub-expression of E2, then E1 is isomorphic to a substructure of E2. Furthermore,626

for any E ′
1 <approx E1, there exists E ′

2 <approx E2 such that E ′
1 ≤st E ′

2. Hence µ(E ′
1)≤ µ(E ′

2)627

according to Lemma 2.18, therefore µ(E1)≤ µ(E2).628

We are now ready to state the main technical result of this section, stating that computing o(E)629

is sufficient to compute h(Pf(E)).630

Theorem 5.11. For every elementary wqo E, h(Pf(E)) = o(E).631

From this theorem and Example 5.9, one concludes that the finitary powerset of the elementary632

wqo E from Example 5.7 has height h(Pf(E)) = o(E) = ωω .633

Computing o(E). Before proving Theorem 5.11, let us first show how to compute o(E) for any634

elementary wqo E, that will make the situation of Example 5.9 systematic. The rules for computing635

o(E) are summarized in Table 4, where some hypotheses are required to ensure the correctness of636

the computations. After establishing these rules in Lemma 5.12, we will show in Lemma 5.15 that637

these hypotheses are always satisfied for elementary wqos.638

E o(E) Hypothesis

E1 × E2 max(o(E1), o(E2)) o(E1), o(E2) indecomposable

E1 ⊔ E2 max(o(E1), o(E2)) o(E1), o(E2) indecomposable

M⋄(E1) o(E1) o(E1) indecomposable

E<ω
1 o(E1) o(E1) indecomposable

Pf(E1) 2o(E1) o(E1) = w(E1)

Table 4. : Computing the weakened maximal order type under conditions.

Lemma 5.12. For E elementary, o(E) can be computed as described in Table 4 in cases following639

the given hypotheses.640

Proof. Let E1, E2 be elementary wqos, let α = o(E1), and let β = o(E2)641

• Without loss of generality, let us assume that β ≤ α . Then, with the hypothesis that α and642

β are multiplicatively indecomposable:643

– o(E1 ⊔ E2)≤ sup{ α ′ ⊕ β ′ + 1 | α ′ < α, β ′ < β }= α .644

– o(E1 × E2)≤ sup{ α ′ ⊗ β ′ + 1 | α ′ < α, β ′ < β }= α .645

– o(E<ω
1 )≤ sup{ (α ′)⊗n + 1 | α ′ < α, n < ω } ≤ α646

– M⋄
n(A)≥aug (A)×n for any wqo A, hence o(M⋄(E1))≤ o(E<ω

1 ) = α .647

Observe that in these four cases, E1 is a sub-expression of some E with α ≤ o(E) according648

to Fact 5.10.649
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• 2w(E1) ≤ w(Pf(E1))≤ o(Pf(E1))≤ 2o(E1) according to Theorems 3.3 and 3.11. Hence if650

o(E1) = w(E1), then o(Pf(E1)) = 2o(E1).651

The condition o(E1) = w(E1) for E = Pf(E1) in Table 4 is not very restrictive, since operations652

like E<ω and M⋄(E) do not drastically increase the weakened m.o.t. of an elementary wqo as653

they do for the m.o.t., to the point that o = w holds for most elementary wqos. To prove that, we654

develop some lower bounds on w.655

One of the difficulty in computing the weakened width will come from the finitary sequence656

construction and the finite multiset construction, that will essentially require us to compute the657

width of structures of the form M⋄
n(α). As we will see, it suffices for our purposes to focus on658

M⋄
2(α) to obtain our desired lower bounds on w.659

Definition 5.13. For any ordinal α , let us define Incα

def
=M⋄

2(α).660

Remark that Incα can be seen as the set of pairs of ordinals (β0, β1) such that β0 ≤ β1 < α ,661

ordered pointwise, and therefore corresponds to a substructure of the Cartesian product α × α .662

Furthermore, Incα reflects into Pf(α × 2) through the function (β0, β1) 7→ {(β1, 0), (β0, 1)}.663

Let us now establish a lower bound on w(Incα), which is done by extending the definition of664

w to well-quasi-orders of the form M⋄
2(α) as follows: E ′ <approx M⋄

2(α) iff E ′ ∼=wpo M
⋄
2(α

′) for665

some α ′ < α . As a consequence of this definition, we always have w(M⋄(α))≥ w(Incα).666

for isa: Check carefully this lemma and its proof.
667

Lemma 5.14. Let α ≥ ωω be an indecomposable ordinal. Then,668

w(Incα) = sup
α ′<α

w(Incα’)≥ α .

Proof. For all ω ≤ α ′ < α , let us define the map f : Dec(α ′ − ω)→ Inco(Incα’) which to any de-669

creasing sequence α ′ − ω > β0 > β1 > . . . associates the antichain ((k, βk + ω))k<ω . Therefore670

w(Incα’) = h(α ′ − ω) = α ′ − ω . Hence w(Incα) = supα ′<α α ′ − ω = α − ω = α since α is in-671

decomposable.672

673

As we did with Lemma 5.4, let us present a structural lemma which reveals in which cases674

w ̸= o.675

Lemma 5.15 (Case disjunction). Let E be an elementary wqo (given through its expression in676

normal form). Then, o(E) is indecomposable, and one of the following holds:677

(i) w(E) = o(E),678

(ii) E = E1 ⊔ E2 a disjoint union of elementary wqos,679

(iii) E = α an ordinal.680

Proof. Observe that for any elementary wqo E, w(E)≤ o(E) because w(E ′)≤ o(E ′) for any681

E ′ <approx E. Therefore, to conclude that o(E) = w(E), it suffices to prove that w(E)≥ o(E).682

Let us now proceed by induction on the expression of E, but before that, let us point out that683

aside from Pf , the weakened maximal order type of every elementary operation can be computed684

under an indecomposability hypothesis. Moreover Table 4 shows how the indecomposability of685

the weakened m.o.t. is preserved by our constructions.686

Case E = α indecomposable satisfies (iii), and we can check that o(α) = α is indecomposable.687
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Case E = Pf(E1): By induction hypothesis E1 verifies (i) since E is in normal form, hence cannot688

be an ordinal nor a disjoint union from the rules of Figure 5. Therefore w(E) = o(E) =689

2o(E1) applying Table 4. Hence E verifies (i). Finally, because o(E1) is indecomposable690

according to the induction hypothesis, we conclude that o(E) = 2o(E1) is indecomposable as691

well.692

Case E = E1 ⊔ E2 satisfies (ii).693

Case E = E1 × E2: Assume that o(E1) = α ≥ β = o(E2), and therefore that o(E) = α (see694

Table 4). Now there exists E ′
2 <approx E2 such that ω ≤st E ′

2. Thus for any E ′
1 <approx E1,695

one can leverage the structural monotonicity of the width (Lemma 2.18) and the specific696

inequality between width and m.o.t. of Lemma 3.10 to obtain:697

w(E ′
1 × E ′

2)≥ w(E ′
1 × ω)≥ o(E ′

1)

We conclude that w(E)≥ o(E1) = o(E), proving that E verifies (i).698

Case E =M⋄(E1): For all E ′
1 <approx E1, we know that M⋄

2(E
′
1)<approx E by definition of ap-699

proximation. Since E ′
1 ≤aug o(E ′

1), and because finite multisets are monotonic with respect700

to augmentations, we have M⋄
2(E

′
1)≤aug M

⋄
2(o(E

′
1)) = Inco(E1’). As a consequence, and701

according to Lemma 5.14:702

w(E)≥ sup
E ′

1<approx E1

{
w(Inco(E1’))

}
≥ w(Inco(E1))

≥ o(E1)

Furthermore, o(E) = o(E1) according to Table 4, and we have proven that E satisfies (i).703

Case E = E<ω
1 : For any E ′

1 <approx E1, for any n < ω , M⋄
n(E

′
1)≥aug (E ′

1)
×n, thus w(E)≥704

w(M⋄(E1)). Since o(E) = o(E1) = o(M⋄(E1)) according to Table 4, and by the previous705

case, we have w(E)≥ o(E). Hence E verifies (i).706

707

Hence, the hypotheses in Table 4 are verified for all elementary wqo E, and assuming that E708

is in normal form, we can inductively compute o(E) without any hypothesis, as summarized in709

Table 5.710

E in normal form h(Pf(E)) = o(E)

α α

E1 × E2 max(o(E1), o(E2))

M⋄(E1) o(E1)

E<ω
1 o(E1)

Pf(E1) 2o(E1)

Table 5. : Computing the weakened maximal order type inductively.

Theorem 5.16. h(E) is computable for elementary E given by its elementary expression.711

Proof. Assume E is in normal form, and see Tables 2 and 5.712
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Proving Theorem 5.11. It remains for us to prove the main theorem of this section, that we restate713

hereafter for readability.714

Theorem 5.11. For every elementary wqo E, h(Pf(E)) = o(E).715

The easiest inequality to obtain is the lower bound o(E)≤ h(Pf(E)). It can be dealt with
716

through properties of ideal completions. Recall that an ideal I of a wqo A is a non-empty717

downwards closed and up-directed subset of A, see, e.g., Goubault-Larrecq et al. (2020). For718

completeness, let us recall that a set I being up-directed means that for every a, b ∈ I, there exists719

c ∈ I such that a ≤ c and b ≤ c.720

Definition 5.17 (Ideal Completion). The set of ideals of A ordered with Hoare’s embedding is721

denoted Idl(A), and is called the ideal completion of A.i722

The goal of this article is not to study ideal completions in depth, and we will only use some723

basic properties that were already established in prior work Halfon (2018).724

Fact 5.18 (See Halfon (2018)). The following properties hold for any wqo A, B and ordinal α:725

(1) Ideal completion commutes with ⊔, ×, M⋄
n and Pf , i.e., Idl(A ⊔ B)∼= Idl(A)⊔ Idl(B), etc.,726

(2) Idl(α)∼= α + 1,727

(3) Pf(Idl(A))∼= P(A).728

With point (3) above we see that Idl(A) is not always a wqo, as P(A) may not be one! However,729

since an approximation E ′ of an elementary E only uses constructions that commute with ideal730

completion, we get Fact 5.19. This fact not only states that the ideal completion of an approxima-731

tion is again a wqo, but that it even remains an approximation of the original elementary wqo. This732

will be particularly useful, because h(P(E)) = o(E) + 1 for any wqo E, as we saw in Remark 3.4.733

Fact 5.19. Assume E ′ <approx E for an elementary wqo E. Then Idl(E ′)<approx E.734

Lemma 5.20. For every elementary wqo E, o(E)≤ h(Pf(E)).735

Proof. Let E ′ <approx E. Then Idl(E ′)<approx E thanks to Fact 5.19, and in particular Idl(E ′)≤st736

E (Fact 5.6), thus Pf(Idl(E ′))≤st Pf(E).737

Using the monotonicity of the height with respect to substructures (Lemma 2.18), we conclude738

that h(Pf(E))≥ h(Pf(Idl(E ′))). Now, by Fact 5.18, we know that Pf(Idl(E ′))∼= P(E ′). Finally,739

leveraging Remark 3.4, we obtain h(Pf(Idl(E ′))) = h(P(E ′)) = o(E ′) + 1. Hence, we have proven740

that h(Pf(E))≥ o(E).741

The upper bound h(Pf(E))≤ o(E), in contrast, is quite subtle to prove. Observe that augment-742

ations (Definition 2.14) do not preserve the height, depriving us of one of our favorite ways to743

prove bounds. That is why we introduce the notion of condensation.744

Definition 5.21 (Condensation). A mapping f : A → B between two wqos is a condensation if it745

is surjective, monotonic, and whenever b ≤B f (y), there exists x ≤A y such that b = f (x). When746

there exists a condensation from A to B, we note B ≤cond A.747

It appears that condensations are also known in the literature as p-morphisms in the context748

of Kripke frames and modal logic. In the specific context of quasi-orders, it seems that it is less749

iWhen A is a wpo, ordering ideals by inclusion or by Hoare’s embedding is equivalent.
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standard than reflection, augmentation, and substructure. Intuitively, a condensation can be seen750

as a quotient, where the quotient ordering and the original ordering are related.751

Example 5.22. The function ι : A×n →M⋄
n(A) mapping (a1, . . . , an) to the multiset752

{| a1, . . . , an |} is a condensation.753

Remark 5.23. A surjective monotonic function f : A → B is a condensation if and only if the im-754

age of any downwards-closed set is itself downwards-closed. In topological terms, f is continuous,755

closed, and surjective.756

The key property of condensations from A to B is that one can simulate decreasing sequences757

(bi)i∈N occurring in B through a careful selection of pre-images ai ∈ f−1(bi). As a consequence,758

the height of B is bounded by the height of A.759

Lemma 5.24. If B ≤cond A, then h(B)≤ h(A).760

Proof. Let f : A → B be a condensation, b1 > · · ·> bn+1 a strictly decreasing sequence in B, and761

a1 > · · ·> an a strictly decreasing sequence in A such that f (ai) = bi for all i ≤ n.762

Since bn+1 ≤ bn there exists an+1 ≤ an such that f (an+1) = bn+1. Since f is monotonic,763

bn+1 ̸≥ bn implies that an+1 ̸≥ an. Hence a1 > · · ·> an+1. This shows that with any strictly de-764

creasing sequence of B we can associate a strictly decreasing sequence of A in a way that respects765

prefix order, hence Dec(B) is a substructure of Dec(A) modulo isomorphism. We have proven that766

h(B)≤ h(A).767

Example 5.25. The function ι : M⋄(A)→ Pf(A) mapping a multiset M to the set { a | a ∈ M } is768

monotonic, surjective, but is not always a condensation.769

Proof. Take A = 3. In Pf(A) one has {0, 1} ⊑H {2}, but no multiset M in ι−1({0, 1}) is domin-770

ated by {| 2 |} since any such M contains at least one 0 and one 1. More generally, we know of771

instances where h(M⋄(A))< h(Pf(A)) (see family Pα in Section 4.2).772

We now establish two properties of condensations. First we show that the constructors used to773

build approximated wqos are monotonic with respect to ≤cond (Fact 5.27). Then we show that774

approximations can be extended while respecting ≤cond (Lemma 5.28). We will actually consider775

a variation ≤cond+st of ≤cond, that we formally state hereafter.776

Definition 5.26. We define ≤cond+st as the transitive closure of the relations ≤cond and ≤st,777

which is a quasi-ordering over wqos.778

Fact 5.27 (Monotonicity). The operations ⊔, ×, Pf , M⋄, <ω and + are monotonic with respect to779

≤cond.780

Lemma 5.28. Let E be an elementary wqo and E ′ <approx E. Then there exists E ′′ <approx E781

such that 1 + E ′ ≤cond+st E ′′.782

Proof. By induction on the expression of E in normal form. First observe that:783

Case E = α: for all α ′ < α , 1 + α ′ < α since α is infinite.784

Case E = E1 ⊔ E2: 1 +(E ′
1 ⊔ E ′

2)≤cond (1 + E ′
1)⊔(1 + E ′

2) for all E ′
1 <approx E1, E ′

2 <approx785

E2. Here the condensation function maps the two minimal elements of (1 + E ′
1)⊔(1 + E ′

2)786

to the unique minimal element of 1 + (E ′
1 ⊔ E ′

2).787
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Case E = E1 × E2: 1 +(E ′
1 × E ′

2)≤st (1 + E ′
1)×(1 + E ′

2).788

Case E = E<ω
1 : 1 +(E ′

1)
×n ≤st (1 + E ′

1)
×n.789

Case E =M⋄(E1): 1 +M⋄
n(E

′
1)≤st M

⋄
n(1 + E ′

1).790

Case E = Pf(E1): 1 + Pf(E ′
1)≤st Pf(1 + E ′

1).791

By induction hypothesis, for any E ′
i with i ∈ {1, 2} appearing in the cases above, there exists792

E ′′
i <approx Ei such that 1 + E ′

i ≤cond+st E ′′
i . We conclude using Fact 5.27.793

Lemma 5.29. Let E be an elementary wqo. For all S ∈ Pf(E), there exists E ′ <approx E such that794

↓E S ≤cond+st E ′.795

Proof. By induction on the expression in normal form of E:796

Case E = α: Let γ = max{ x ∈ S }. Then ↓ S ∼= γ <approx E.797

Case E = E1 ⊔ E2: ↓E S ∼= ↓E1
S1 ⊔ ↓E2

S2 where S1 = S ∩ E1 and S2 = S ∩ E2. By induction hy-798

pothesis there exist E ′
1, E ′

2 <approx E1, E2 such that ↓E1
S1 ≤cond+st E ′

1, ↓E2
S2 ≤cond+st E ′

2.799

Hence,800

↓E S ≤cond+st E ′
1 ⊔ E ′

2 .

Case E = E1 × E2: ↓E S ≤st ↓E1
S|E1 × ↓E2

S|E2 . By induction hypothesis there exist801

E ′
1, E ′

2 <approx E1, E2 such that ↓E1
S|E1 ≤cond+st E ′

1 and ↓E2
S|E2 ≤cond+st E ′

2. Hence,802

↓E S ≤cond+st E ′
1 × E ′

2 .

Case E = E<ω
1 : Let n be the maximal length of words in S, and S′ ∈ Pf(E1) the set of letters in803

words of S. Then ↓E S ≤st (↓E1
S′)≤n. Observe that (↓E1

S′)≤n ≤cond (1 +≤E1 S′)×n: indeed804

elements of (1 + ↓E1
S′)×n can be seen as words in (↓E1

S′)≤n padded with extra bottom805

elements, with the condensation function removing the padding. By induction hypothesis,806

there exists E ′
1 <approx E1 such that ↓E1

S′ ≤cond+st E ′
1.807

Thanks to Lemma 5.28, there exists some E ′′
1 <approx E1 such that808

↓E S ≤cond+st (1 + E ′
1)

×n ≤cond+st (E
′′
1 )

×n .

Case E =M⋄(E1): Let n be the maximal cardinal of multisets in S, and S′ ∈ Pf(E1) the set of809

elements in multisets of S. Then ↓E S ≤st M
⋄
≤n(↓E1

S′)∼=M⋄
n(1 + ↓E1

S′). By induction810

hypothesis, there exists some E ′
1 <approx E1 such that ↓E1

S′ ≤cond+st E ′
1.811

Therefore, there exists some E ′′
1 <approx E1 given by Lemma 5.28, such that812

↓E S ≤cond+st M
⋄
n(1 + E ′

1)≤cond+st M
⋄
n(E

′′
1 ) .

Case E = Pf(E1): Let S′ = { x ∈ E1 | ∃y ∈ S s.t. x ∈ y } ∈ Pf(E1). Then ↓E S ≤st Pf(↓E1
S′). Using813

the induction hypothesis, there exists E ′
1 <approx E1 such that ↓E1

S′ ≤cond+st E ′
1, hence814

↓E S ≤st Pf(E
′
1) .

Lemma 5.30. h(Pf(E))≤ o(E).815

Proof. Recall that, by Eq. (Dh),816

h(Pf(E)) = sup
S∈Pf (E)

h(Pf(E)<S) + 1 .

Notice that, given S ∈ Pf(E), we have h(Pf(E)<S) + 1 = h(Pf(E)≤S) and Pf(E)≤S ≤st Pf(↓E S).817

Using Lemma 5.29, there exists E ′ <approx E such that ↓E S ≤cond+st E ′. As a consequence,818

h(Pf(E)≤S)≤ h(Pf(E ′))≤ h(P(E ′))≤ o(E ′) + 1 according to Fact 5.18.819
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Therefore, for every S ∈ Pf(E), h(Pf(E)<S + 1)≤ o(E), which implies by Eq. (Dh) that820

h(Pf(E))≤ o(E).821

Combining Lemmas 5.20 and 5.30 proves Theorem 5.11: h(Pf(E)) = o(E).822

5.3 Summary823

Table 6 summarizes how to compute the ordinal invariants of elementary wqos expressed in normal824

form. We redirect the reader to Table 5 when it comes to computing o(E1).825

E h(E) o(E) w(E)

α, E1 ⊔ E2,
see Table 2

M⋄(E1), E<ω
1

E1 × E2 h(E1) ⊕̂ h(E2) o(E1)⊗ o(E2) o(E1)⊗ o(E2)

Pf(E1) o(E1) 2o(E1) 2o(E1)

Table 6. : How to compute ordinal invariants of elementary wqos. We assume that E is expressed
in normal form.

6. Conclusion826

We studied the ordinal invariants of the finitary powerset of a wqo. We showed these invariants827

could not be expressed as functions in the ordinal invariants of the underlying wqo, and provided828

tight monomorphic bounds.829

Even though these upper and lower bounds are often different, in Section 5, we managed to830

measure these invariants exactly by restricting ourselves to a well-behaved family of wqos ob-831

tained through classical operations. This part relies on new tools, e.g., we introduced weakened832

variations of the usual ordinal invariants, which in turn, have now opened many new questions.833

Let us now propose a few avenues of research in continuity of this work.834

Invariants for non-wqos. Width and height can more generally be defined over spaces that are not835

wqos. On these spaces, the bounds we established do not hold in general. For instance the height836

of Pf(A) when A is well-founded can reach the ωh(A) upper bound.837

Intrinsic Weakened Invariants. The current definition of o, w, and h rely on the definition of838

approximation that is defined inductively on the syntactic construction of the elementary wqo.839

Could we generalize the notion of approximation to arbitrary wqos? Do the weakened ordinal840

invariants allow us to recover functionality even outside of elementary wqos?841

Elementary wqos. In what directions can we extend our family of elementary wqos while842

maintaining the computability of the ordinal invariants?843
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V., editors, Mathematics of Ramsey Theory, volume 5 of Algorithms and Combinatorics, pp. 57–95. Springer.884

Kruskal, J. B. 1960. Well-quasi-ordering, the Tree Theorem, and Vazsonyi’s conjecture. Trans. Amer. Math. Soc., 95(2):210–885

225.886

Marcone, A. 2001. Fine analysis of the quasi-orderings on the power set. Order, 18(4):339–347.887

Rado, R. 1954. Partial well-ordering of sets of vectors. Mathematika, 1(2):89–95.888

Robertson, N. and Seymour, P. D. 2004. Graph minors. XX. Wagner’s conjecture. Journal of Combinatorial Theory, Series889

B, 92(2):325–357.890

Schmidt, D. 1981. The relation between the height of a well-founded partial ordering and the order types of its chains and891

antichains. Journal of Combinatorial Theory, Series B, 31(2):183–189.892

Schmidt, D. 2020. Well-partial orderings and their maximal order types. In Schuster, P., Seisenberger, M., and Weiermann,893

A., editors, Well Quasi-Orders in Computation, Logic, Language and Reasoning, volume 53 of Trends in Logic, chapter 12,894

pp. 351–391. Springer.895

Schmitz, S. 2019. The parametric complexity of lossy counter machines. In Proc. 46th Int. Coll. Automata, Languages, and896

Programming (ICALP 2019), Patras, Greece, July 2019, volume 132 of Leibniz International Proceedings in Informatics,897

pp. 129:1–129:15. Leibniz-Zentrum für Informatik.898

Van der Meeren, J., Rathjen, M., and Weiermann, A. 2015. Well-partial-orderings and the big Veblen number. Archive899

for Mathematical Logic, 54(1–2):193–230.900

Vialard, I. 2023. Ordinal measures of the set of finite multisets. In Proc. 48th Int. Symp. Math. Found. Comp. Sci. (MFCS901

2023), Bordeaux, France, Aug. 2023, volume 272 of Leibniz International Proceedings in Informatics, pp. 87:1–87:15.902



Mathematical Structures in Computer Science 29

Leibniz-Zentrum für Informatik.903

Vialard, I. 2024a. Measuring well-quasi orders and complexity of verification. PhD thesis, Univ. Paris-Saclay.904

Vialard, I. 2024b. On the width of the cartesian product of ordinals. Order, 42(1):37–58.905

Weiermann, A. 2009. A computation of the maximal order type of the term ordering on finite multisets. In Proc. 5th906

Conf. Computability in Europe (CiE 2009), Heidelberg, Germany, July 2009, volume 5635 of Lecture Notes in Computer907

Science, pp. 488–498. Springer.908

Wolk, E. S. 1967. Partially well ordered sets and partial ordinals. Fund. Math., 60(2):175–186.909

Appendix A. Appendix to Section 3 “Upper and lower bounds”910

We provide the proofs missing in Section 3.911

A.1 Structural lemmas912

Lemma 3.2 (Sandwich Lemma). Let (A,≤) be a wqo such that o(A) = α + β for some ordinals913

α, β . Then there exists a partition A = Aα ⊎ Aβ of A with o(Aα) = α , o(Aβ ) = β , and such that914

Aα ⊔ Aβ ≤aug A ≤aug Aα + Aβ .915

Lemma 3.2 generalizes Thm. 3.2 from de Jongh and Parikh (1977) where the case β = 1 is916

handled.917

Proof. Let A be a wqo such that o(A) = α + β . Then, by Theorem 2.13 of de Jongh and Parikh918

(1977), there exists a surjective reflection f : α + β → A. We let Aα = f ({γ | γ < α}) and Aβ =919

f ({γ | α ≤ γ < α + β}). We further assume that f makes o(Aα) minimal: since the collection of920

all reflections from α + β to A is a set, the collection of all possible o(Aα) is a set of ordinals,921

which admits a minimal element.922

Now, since f is a reflection, for all a ∈ Aα , b ∈ Aβ , a ̸≥ b. It follows that923

Aα ⊔ Aβ ≤aug A ≤aug Aα + Aβ

which implies: o(Aα) + o(Aβ )≤ α + β ≤ o(Aα)⊕ o(Aβ ). Besides, f gives a reflection from α924

to Aα , and one from {γ | α ≤ γ < α + β} (which is isomorphic to β by left-cancellativity) to925

Aβ , hence o(Aα)≥ α and o(Aβ )≥ β . But then α + β ≥ o(Aα) + o(Aβ )≥ α + o(Aβ ) and there-926

fore β ≥ o(Aβ ) since ordinal addition is left-cancellative. Besides, since o(Aα)≥ α , we can write927

o(Aα) = α + γ for some γ that must satisfy γ + β = β .928

Then there exists a reflection g : α + γ → Aα . We consider the reflection f ′ : α + γ + β → A929

obtained by concatenating g and f restricted to {γ | α ≤ γ < α + β}. Let Bα

def
= f ′({δ | δ < α}).930

By construction o(Bα)≥ ω . However, if γ > 0, then Bα is a ̸≥-residual of Aα , hence o(Bα)<931

o(Aα). It follows that o(Aα) is not minimal, which is absurd. Therefore, o(Aα) = α .932

A.2 Lower bounds on the width of a product933

Definition A.1 (Džamonja et al. (2020)). A wqo A is transferable if for every x1, . . . , xn ∈ A,934

w(A ̸≤{x1,...,xn}) = w(A).935

Lemma A.2. For any wpo A, if h(A)< ω then A is finite.936

Proof. Let h(A) = k < ω . Then one can sort every element of A into k finite antichains, depending937

on their rank in Dec(A). Since every antichain of a wqo is finite, A is finite.938
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Proposition A.3. If w(A)≥ ω is additively indecomposable, then A contains a substructure of939

width w(A) which is transferable.940

Proof. In this proof we consider A as a wpo (by quotienting by ≡ if needed). Note that for any941

partition A = A1 ⊎ A2, w(A)≤ w(A1)⊕ w(A2). Thus if w(A)≥ ω is additively indecomposable942

and A2 is finite, necessarily w(A1) = w(A). In other words, one can remove any finite number of943

elements from A without changing its width.944

Since w(A)≥ ω , A is infinite, hence h(A)≥ ω according to Lemma A.2.945

Observe that A̸≤{x1,...,xn} = A \ ↓{x1, . . . , xn} for any x1, . . . , xn ∈ A.946

We now proceed to prove the proposition by induction on h(A).947

If h(A) = ω then for every x1, . . . , xn ∈ A, for A1 = ↓{x1, . . . , xn}, we have h(A1)< h(A) = ω948

hence A1 is finite according to Lemma A.2, and therefore of finite width. It follows that A2
def
=949

A \ A1 is of width w(A) since the latter is additively indecomposable and w(A)≤ w(A1)⊕ w(A2).950

Thus A is transferable.951

If h(A)> ω , either A is transferable, in which case the proposition is proved, or it is not.952

If A is not transferable then there exists x1, . . . , xn ∈ A such that w(A2)< w(A) where A2
def
=953

A \ A1 and A1
def
= ↓{x1, . . . , xn}. Since w(A) is additively indecomposable and w(A)≤ w(A1)⊕954

w(A2), it follows that w(A1) = w(A). Moreover, since w(A)≥ ω is additive indecomposable, then955

w(A′
1) = w(A) for A′

1
def
= A<x1,...,xn . And h(A′

1)< h(A) by the 2descent equation, while h(A′
1)≥ ω956

because w(A′
1)≥ ω . Therefore by induction A′

1 has a transferable substructure of width w(A′
1) =957

w(A).958

Recall the following property of transferable wqos:959

Lemma A.4 (Džamonja et al. (2020, Thm. 4.16)). If δ is an ordinal and B a transferable wqo,960

then w(δ × B)≥ w(B) · δ .961

This lemma can be generalized to any wqo A such that o(A) = δ .962

Lemma A.5. Suppose that B is a transferable wqo and A any wqo. Then w(A × B)≥ w(B) · o(A).963

Proof. Since A ≤aug o(A), then w(A × B)≥ w(o(A)× B) and now Lemma A.4 applies.964

Lemma 3.10 (Lower bound on the width of the Cartesian product). Let A, B be two wqos such965

that w(B)≥ ω is additively indecomposable. Then w(A × B)≥ w(B) · o(A).966

Proof. Since w(B) is indecomposable, Proposition A.3 shows that it has a substructure C which967

is transferable and has width w(B).968

Hence A × B ≥st A ×C and w(A × B)≥ w(A ×C)≥ w(B) · o(A) with Lemma A.5.969

Appendix B. Appendix to Section 4 “Tightness of the bounds”970

B.1 Proofs for Section 4.1 studying the family Hα971

Remark B.1. α ⊙ β (introduced in Figure 3) is the Jacobsthal multiplication. It is a transfinite972

iteration of the natural sum, in the same way the ordinal product is a transfinite iteration of the973

ordinal sum, thus it is halfway between the ordinal and natural multiplication: α · β ≤ α ⊙ β ≤974

α ⊗ β (Proposition 5.1.2 of Altman (2017)) for any ordinal α, β .975

In the particular case where α is additive indecomposable ordinal, we have the equality α · β =976

α ⊙ β , since α ⊕ α = α + α .977
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Lemma B.2. For every ordinal α > 0,978

∑
β<α

ω
β =

{
ωα−1 · 2 when α = γ + 1, γ limit
ωα−1 otherwise

Proof. We prove the result by induction on α > 0.979

For α = 1 we have 1 = ωα−1.980

For α = γ + 1 with γ a limit ordinal, we have:981

∑
β<α

ω
β =

(
∑

β<γ

ω
β

)
+ ω

γ = ω
γ + ω

γ = ω
α−1 · 2 .

For α = γ + 2 we have:982

∑
β<α

ω
β = ∑

β<γ+1
ω

β + ω
γ+1 =

{
ωγ · 2 + ωγ+1 when γ limit
ωγ + ωγ+1 otherwise

= ω
γ+1 = ω

α−1 .

For α a limit ordinal, ∑β<α ωβ = supγ<α

{
∑β<γ ωβ

}
. Let γ < α , then γ + 2 < α and983

∑β<γ ωβ ≤ ∑β<γ+2 ωβ . By induction hypothesis, we conclude that ∑β<γ ωβ ≤984

ωγ+1 < ωα−1 = ωα . As a consequence, ∑β<α ωβ ≤ ωα . Conversely, for every γ < α ,985

ωγ ≤ ∑β<γ+1 ωβ , and by definition of ordinal exponentiation, ωα ≤ ∑β<α ωβ .986

We are now ready to prove the main lemma.987

Proposition 4.2. For all ordinal α:988

h(Hωα ) = w(Hωα ) = o(Hωα ) = ω
α .

Proof. We prove the result by induction on α .989

• It’s immediate for Hω0 .990

• Given x ∈Hω1 , (Hω1 )̸≥x is a finite set, hence o(Hω1)≤ ω according to Eq. (Do). Since991

Hω1 is an infinite sum indexed by ω , ω ≤ h(Hω1). Besides, Hω1 contains arbitrary large992

antichains and thus w(Hω1)≥ ω . It follows from Corollary 2.13 that h(Hω1) = w(Hω1) =993

o(Hω1) = ω1.994

• If α > 0, Table 2 and the induction hypothesis give:995

h(H
ωωα ) = o(H

ωωα ) = ∑
β<ωα

ω
β

w(H
ωωα ) = sup

β<ωα

ω
β

The second expression clearly evaluates to ωωα

as desired. Since ωα is a limit ordinal,996

Lemma B.2 immediately gives h(H
ωωα ) = o(H

ωωα ) = ωωα

.997

• For the last case: if α = ωα1 + · · ·+ ωαn in CNF then the induction hypothesis and Table 2998

yield:999

h(Hωα ) = o(Hωα ) = ω
ω

α1 ··· · · · ··· ω
ωαn

= ω
α
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For the width, ωαi is additively indecomposable for i ∈ [1, n], hence1000

w(Hωα ) = ω
ω

α1 ⊙ · · · ⊙ ω
ωαn according to Table 2,

= ω
ω

α1 ··· · · · ··· ω
ωαn (Remark B.1).

1001
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